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Abstract
We consider regular Calabi-Yau hypersurfaces in N -dimensional smooth toric
varieties. On such a hypersurface in the neighborhood of the large complex struc-
ture limit point we construct a fibration over a sphere SN−1 whose generic fibers
are tori TN−1. Also for certain one-parameter families of such hypersurfaces
we show that the monodromy transformation is induced by a translation of the
TN−1 fibration by a section. Finally we construct a dual fibration and provide
some evidence that it describes the mirror family.
1 Introduction
Strominger, Yau and Zaslow [SYZ] conjectured that any Calabi-Yau manifold X
having a mirror partner X∨ should admit a special Lagrangian fibration π : X → B
(a mathematical account of their construction can be found in [M]). If so, the mirror
manifoldX∨ is obtained by finding some suitable compactification of the moduli space
of flat U(1)-bundles along the nonsingular fibers, which restricts the fibers to be tori.
More precisely, if B0 ⊆ B is the largest set such that π0 = π|π−1(B0) is smooth, then
X∨ should be a compactification of the dual fibration R1π0∗(R/Z)→ B0.
The conjecture is trivial in the elliptic curve case. On a K3 surface the hyperka¨hler
structure translates the theory of special Lagrangian T 2-fibrations to the standard
theory of elliptic fibrations in another complex structure. However, very little progress
has been made in higher dimensions so far, though Gross and Wilson have worked out
some aspects of the conjecture for the Voisin-Borcea 3-folds of the form (K3×T 2)/Z2
[GW]. But the general question of finding special Lagrangian fibrations on Calabi-
Yau’s still remains open.
We restrict our attention to the case of regular anticanonical hypersurfaces in
smooth toric varieties. The main result of our this paper is that such a hypersur-
face in a neighborhood of the large complex structure admits a torus fibration over a
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sphere. Unfortunately, we were unable to control the fibers to be special Lagrangian.
However we will argue that on some open patches the fibers do possess some calibra-
tion property.
Batyrev [B] showed that toric varieties X∆ with ample anticanonical bundles are
given by reflexive polyhedra. Such a polyhedron ∆ contains a unique integral interior
point {0}. A Calabi-Yau hypersurface Y ⊂ X∆ is defined by an equation in the form∑
ω∈∆(Z) aωx
ω = 0, where ω runs over the integral points in ∆. The image of Y under
the moment map µ : X∆ → ∆ has the shape of an amoeba (cf. [GKZ], Ch.6), a blob
with holes around some lattice points ω in ∆(Z). The sizes of the holes are determined
by the corresponding coefficients aω. If Y is near the large complex structure, a{0}
is large, and µ(Y ) has exactly one interior hole corresponding to {0}, that is µ(Y )
is homeomorphic to SN−1 × I. The idea is to choose the right trivialization of this
product, so that for general s ∈ SN−1 ≃ ∂∆ the preimage of the interval µ−1({s}×I)
would be an (N −1)-dimensional torus TN−1. Singular fibers come from the intervals
Is := {s} × I which intersect the (N − 2)-dimensional skeleton of ∆. For example,
consider Y , a K3 surface given by a quartic in CP 3 = X∆, where ∆ is the integral
3-simplex in Z3 with the vertices (-1,-1,-1), (-1,-1,3), (-1,3,-1), (3,-1,-1). There are
exactly 4 points in µ(Y ) on each of the 6 one-dimensional edges of ∆, corresponding
to 4 points of intersection of Y with the projective line determined by this edge.
Altogether they give 24 singular fibers.
But instead of pursuing this idea we will modify the moment map and deform
the original hypersurface. An explicit parameterization of the fibers will allow us to
analyze the action of the monodromy for one-parameter families of hypersurfaces and
construct a dual fibration. We will speculate that this dual fibration represents the
mirror Calabi-Yau.
Let us demonstrate almost all essential ideas by a simple example. Consider a
family of elliptic curves Et in CP
2 given by the equations:
txyz + x3 + y3 + z3 = 0,
where t plays the roˆle of a parameter. As t→∞ the curve Et degenerates to 3 lines
with normal crossings. The main idea is roughly to consider the asymptotic behavior
of Et up to the next order to keep the curve smooth.
There are 6 regions in Et according to its image under the moment map (see Fig.1).
In each of them there are different terms in addition to txyz which are dominant. For
instance, in Uz the elliptic curve Et for large t is approximated by txyz + z
3 = 0,
and in Uzx by txyz + x
3 + z3 = 0, etc. It is easy to introduce a coordinate on a
curve (which is still smooth in the corresponding region) defined by the abbreviated
equation. In Uz either x/z or y/z is a coordinate, in Uzx we can use x/z or z/x and
similar in the other regions. The circle fibration is provided by fixing an absolute
value of the coordinate. The set of all possible absolute values in all 6 regions clearly
forms a circle, the base of the fibration. The partition of unity technique of gluing
these 6 pieces into one curve which approximates the original elliptic curve constitutes
section 3.
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Fig.1 The image of the elliptic curve txyz + x3 + y3 + z3 = 0 (shaded area) in CP2 under the moment map.
To compute the monodromy as arg(t) 7→ arg(t) + 2πi, we need to understand
how the identification of the fibres changes in the overlaps. Nothing happens in Uzx,
Uxy or Uyz, as the parameterization of fibers changes by reversing an orientation of
the circles, which does not depend on t at all. Monodromy is nontrivial only in Uz,
Uy or Ux. Consider, e.g. Uz, where two coordinates can be used y/z or x/z, which
are related by the equation t(x/z)(y/z) = −1. As arg(t) 7→ arg(t) + 2πi, the circles
parameterized by arg(x/z) and by arg(y/z) are twisted by 2πi with respect to each
other. Combining all together we get a triple Dehn twist. More careful monodromy
calculations are performed in section 4.
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Fig.2 The mirror pair of elliptic curves.
Section 5 is devoted to dual fibrations and mirror symmetry. Leung and Vafa [LV]
describe the idea of the mirror construction as follows. T -duality interchanges small
circle fibers in the corner regions of one family with large circle fibers in the facet
regions of the mirror family. More precisely, let us consider the polytope ∆∨ dual to
the above family of elliptic curves. In this case it is just the polar polytope ∆D , hence
again reflexive. The associated toric variety X∆D is singular but the elliptic curve in
X∆D is smooth because it misses all singular points (the vertices of the triangle).
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∆D is combinatorially dual to ∆ and the dual elliptic curve also breaks into 6
regions according to its image under the moment map (see Fig.2). We will speculate
that this dual curve also admits similar fibration by circles and the fibers in the
corresponding regions Uα and Vα are naturally dual circles.
This example captures all the features except for the fact that in higher dimensions
there will always be singular fibers.
Acknowledgments. I am very grateful to Ron Donagi, my thesis advisor, for suggesting
this problem to me and constant supervising my work on it, and to Tony Pantev for
illuminating discussions.
2 Hypersurfaces in toric varieties
In this section we review some basic constructions in the theory of toric varieties and
set up the notations. For more details see, e.g. [Cx] and references provided there.
Let M ≃ RN be an N -dimensional real affine space and ZN an integral lattice in
M . We will choose an integral point {0} in ZN to be the origin. This endows M with
a vector space structure and ZN becomes a free abelian group.
An N -dimensional convex integral polyhedron ∆ in M , is called reflexive if it
contains the origin {0} as an interior point and if its polar polyhedron
∆D = {u ∈M∗ : 〈u,m− {0}〉 ≥ −1 for all m ∈ ∆} ⊂M∗
is also integral. We will denote by ∆(Z) the lattice points in the polyhedron ∆, and
by ∂∆ its boundary. It follows that each (N − 1)-dimensional face Σ (which we will
call a facet in the future) of ∆ is defined by an equation 〈uΣ,m〉 = −1 for some
uΣ ∈ M
∗. This easily implies that {0} is the unique integer interior point. For an
arbitrary face Θ ⊆ ∂∆ we will denote by ΘZ the affine sublattice of Z
N generated by
the integer points of Θ.
Also we assume that ∆ is nonsingular. This mean that every vertex of ∆ is N -
valent, that is exactly N edges e1, ..., eN emanate from it, and the integer points of
these edges (ei)Z, i = 1, ..., N , generate the lattice Z
N . Because ∆ is reflexive, i.e.
the integral distance from the origin {0} to any facet Σ ⊂ ∆ is 1, the lattice Zn is as
well generated by ΣZ together with {0}.
Let us denote by X∆ the projective toric variety corresponding to ∆. The normal
projective embedding is given, e.g., by the closure of the image of the map (C∗)N →֒
P
|∆(Z)|−1, x 7→ {xω1 : xω2 : ... : xω|∆(Z)|}. Because ∆ is nonsingular, the toric variety
X∆ is smooth. We will use {x
ω} as projective coordinates on X∆. One may want to
restrict the set of monomials {xω} to a subsystem of the anticanonical linear system.
In this case we allow ω vary among A ⊂ ∆(Z), a subset of integer points in ∆, such
that {0} ∈ A and ∆ is the convex hull of A.
The moment map X∆ → ∆ is given by
µ(x) =
∑
ω∈A |x
ω| · ω∑
ω∈A |x
ω|
.
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It is a well-defined function on X∆, because both the top and bottom are polynomials
of the same homogeneous degree.
A triangulation of a convex polyhedron is a decomposition of it into a finite number
of simplices such that the intersection of any two of these simplices is a common face
of them both (maybe empty). By a triangulation T of (∆, A) we simply mean a
triangulation of ∆ with vertices in A. Note that we do not require every element of
A to appear as a vertex of a simplex. A continuous function ψ : ∆ → R is called
T-piece-wise linear if it is affine-linear on every simplex of T . Such a function ψ is
convex if for any x, y ∈ ∆, we have ψ(tx+ (1− t)y) ≥ tψ(x) + (1− t)ψ(y), 0 ≤ t ≤ 1.
We call it strictly convex if the (maximal-dimensional) simplices of T are the maximal
domains of linearity of ψ.
A triangulation T of (∆, A) is called coherent (some authors call it regular or pro-
jective) if there exists a strictly convex T -piece-wise linear function. Call a coherent
triangulation T central if {0} is a vertex in every ( maximal dimensional) simplex of
T . Let ∂T denote the collection of simplices of T lying in ∂∆. We will use σ to denote
maximal dimensional simplices in ∂T and τ for arbitrary simplices of ∂T . Denote by
Cτ ⊂ ∆ the corresponding simplex in T of one dimension higher with the base τ and
the vertex {0}. We will denote by τZ the sublattice of Z
N generated by the integer
points in τ . Λτ will denote the sublattice in τZ of index (dim τ)! · vol(τ) generated by
the vertices of τ .
Given a triangulation T of (∆, A), every function λR : A→ R defines a character-
istic function ψλR : ∆→ R, a T -piece-wise linear function, by its values on the vertices
of T . Denote by C(T ) ⊂ R|A| a subset of such functions λR, whose corresponding
characteristic functions ψλR are convex and ψλR(ω) ≥ λR(ω) for any ω ∈ A. A per-
son familiar with toric varieties immediately recognizes a secondary cone, the normal
cone to the secondary polyhedron at the vertex corresponding to the triangulation T .
In particular C(T ) has non-empty interior if T is a coherent triangulation. The last
piece of data we will need is an integral vector λ in the interior of CT ⊂ R
|A|. This
means that the characteristic function ψλ : ∆ → Z is strictly convex with respect to
the triangulation T and ψλ(ω) ≥ λ(ω), with equality holding exactly for the vertices
of T .
From now on we fix the following data: a nonsingular reflexive integral polyhedron
∆, a subset of its integral points A, a central coherent triangulation T and an integral
vector λ ∈ C(T ). Given such data we can define the 1-parameter family of Calabi-Yau
hypersurfaces Ft by the equations
tλ(0)x{0} −
∑
ω∈A∩∂∆
tλ(ω)xω = 0.
To any hypersurface given by an equation in the form
∑
ω∈A aωx
ω = 0 we can
associate the vector λa := {log |aω1 |, ..., log |aω|A| |} ∈ R
|A|. If this vector λa is suffi-
ciently far from the walls of the secondary fan then the corresponding hypersurface
in X∆ is nonsingular. Note that for |t| ≫ 0, log |t
λ(ω)| = λ · log |t| lies deeply inside
CT , so that the hypersurface Ft is smooth (cf. [GKZ], Ch 10). The main object of
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study will be the behavior of this family as |t| → ∞. In the limit we approach the
large complex structure limit point.
It may sometimes be convenient to have local coordinates on affine subsets of
X∆. We define τ − associated coordinates for any k-dimensional simplex τ ∈ ∂T in
the triangulation. Choosing coordinates on the open orbit (C∗)N ⊂ X∆ is equivalent
to choosing an affine basis {Ω, ω1, ..., ωN} for the lattice Z
N together with a marked
reference point Ω. Consider the minimal face Θτ ⊂ ∆ containing τ . Let l be its
dimension, k ≤ l ≤ N − 1. We use the fact that ∆ is reflexive and nonsingular to
choose {Ω, ω1, ..., ωN} such that the reference point Ω is a vertex of τ , the first k + 1
vertices {Ω, ω1, ..., ωk} generate the lattice τZ, the first l + 1 vertices {Ω, ω1, ..., ωl}
generate the lattice (Θτ )Z. Moreover, because of the unit integral distance from the
facets of ∆ intersecting at Θτ to the origin {0}, we can have the rest of the basis
satisfy {0} − Ω = (ωl+1 − Ω) + ... + (ωN − Ω). Notice that the last N − l points
are uniquely determined modulo (Θτ )Z. Then {y1, ..., yN} := {x
ω1−Ω, ..., xωN−Ω} give
local coordinates on (C∗)N . In fact, they extend to coordinates on the affine subset
of X∆ obtained by removing the divisors which correspond to the facets of ∆ not
containing Ω.
It may also be useful to identify ∆ with the closure of the positive real part
(X∆)≥0 of X∆. The homeomorphism (X∆)≥0 ≃ ∆ is provided by the restriction of
the moment map. In particular, {|y1|, ..., |yN |} will provide coordinates in ∆ with
facets not containing Ω excluded as above.
Inspired by the proof of Viro’s theorem (see [GKZ], Ch. 11) we will use the
weighted moment map µt : X∆ → ∆ defined as
µt(x) =
∑
ω∈A |t
λ(ω)| · |xω| · ω∑
ω∈A |t
λ(ω)| · |xω|
.
The right way to think about this weighted moment map is the following. Add
one extra dimension to M ∼= RN and extend the lattice to ZN+1 ⊂ RN+1. Let P be
the convex hull of {(ω, λ(ω))}ω∈A in R
N+1 (see fig.3). Then we can think of the whole
family {Ft} as a hypersurface in XP (t is considered as a coordinate). The vertical
projection p : P → ∆ splits the boundary of P into two pieces ∂P = ∂+P ∪ ∂−P .
In fact ∂+P is exactly the graph of the characteristic function ψλ and the projection
p : ∂+P → ∆ identifies the faces of ∂+P with the simplices in the triangulation
T . The weighted moment map µt0 will be just the composition of the restriction
µ
(P )
t0
:= µ(P )|t=t0 : XP |t=t0 → P of the ordinary moment map µ
(P ) to the hypersurface
Ht0 := {t = t0} in XP with the vertical projection p : P → ∆.
The image of µ(P )(Ht0) ⊂ P is the graph of a function Ψt0 : ∆ → R with the
following crucial property (see [GKZ], Ch. 11):
Proposition 2.1. As |t0| → ∞ the function Ψt0 : ∆ → R is continuous and smooth
outside ∂∆, converging uniformly to the characteristic function ψλ, whose graph is
∂+P .
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Fig.3 The extended polyhedron P for the family txyz − t2x3 − y3 − z3 = 0 in CP2 and the image of the
weighted moment map as t→∞.
The image of the hypersurface {Ft} ⊂ XP under the moment map µ
(P ) misses
all the vertices of P (cf. [GKZ], Ch.6) and, in particular, (because ψλ is convex) it
misses some neighborhood of ({0}, λ(0)) ∈ P . Applying the above proposition we
see that for sufficiently large |t| the image of the weighted moment map µt(Ft) ⊂ ∆
misses some ball B around {0} ∈ ∆. Denote by ∆0 := ∆\B our polytope with that
ball removed. Clearly ∆0 is homeomorphic to SN−1 × I and the next step will be to
find a good trivialization of this product.
Let us conclude this section with a list of notations used throughout the rest of
the paper.
M = ZN ⊗ R ≃ RN the real affine space;
Z
N an N -dimensional lattice in M .
∆ ⊂M a convex nonsingular integral reflexive polyhedron, ∂∆ its boundary;
∆(Z) the set of integral points in ∆;
{0} ∈ ∆(Z) the unique integral interior point;
A a subset of ∆(Z) containing {0} and all vertices of ∆;
Θ a face of ∆, Σ a maximal dimensional face of ∆;
T a central coherent triangulation of (∆, A);
λ ∈ C(T ) an integral vector in the interior of the secondary cone at T ;
∂T the induced triangulation of ∂∆;
τ a k-dimensional simplex in ∂T , σ a maximal dimensional simplex in ∂T ;
Θτ the minimal face of ∆ containing τ ;
Cτ the (k + 1)-dimensional simplex in T over τ with the vertex {0};
O(τ) the center of a simplex τ ;
ΘZ or τZ the affine sublattices of Z
N generated by the integral points in Θ or τ ;
Λτ the sublattice of τZ generated by the vertices of τ ;
X∆ the toric variety associated to ∆;
Ft the family of the Calabi-Yau hypersurfaces in X∆;
µt the weighted moment map;
∆0 the polyhedron ∆ with a small ball around {0} removed, X0∆ := µ
−1
t (∆
0).
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3 Torus fibrations
At this moment unfortunately we must leave the realm of beautiful algebraic geom-
etry and employ some analysis techniques like partitions of unity and transversality
theory. Let Bar(∂T ) be the first barycentric subdivision of the triangulation ∂T . The
vertices in this subdivision are the centers O(τ) of the simplices τ in ∂T . Consider the
subdivision {V 0τ }τ⊂∂T dual to Bar(∂T ). Namely, take the second barycentric subdi-
vision Bar(2)(∂T ) of ∂T and define V 0τ to be the union of all simplices in Bar
(2)(∂T )
having O(τ) as a vertex. Every V 0τ contains the point O(τ) for a unique τ and is la-
beled correspondingly (see Fig.4). For each V 0τ we take its small open neighborhood
Vτ to get an open cover of ∂∆. By construction Vτ and Vτ ′ intersect iff either τ ⊂ τ
′
or τ ′ ⊂ τ . So every point in ∂∆ lies in at most N different Vτi ’s for {τi} forming a
nested sequence.
Fig.4 V 0τ subdivision of ∂∆.
Define the following subsets of ∂∆:
Uτ := Vτ −
⋃
τ ′ 6=τ
V τ ′ , Wτ := V τ −
⋃
τ ′⊃τ
Vτ ′ , (set-theoretic difference),
where V τ ⊂ ∂∆ denotes the closure of Vτ .
Fig.5 Wτ -cell decomposition of ∂∆.
The collection of cells {Wτ}τ∈∂T provides a CW-decomposition of ∂∆ homeomor-
phic to that given by {V 0τ } (see fig.5). Uτ are the “pure” open subsets in Wτ ⊆ V τ .
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Now we will construct a trivialization of ∆0 ≃ ∂∆ × I. This will provide X0∆ :=
µ−1t (∆
0) with the structure of a fibration via the composition of the maps
X0∆
µt
−→ ∆0 ≃ ∂∆× I
pr1
−→ ∂∆.
Inside the small central ball B0 choose a concentric mini-copy ∆′ of ∆ with the
induced triangulation ∂T ′ of ∂∆′. To construct a trivialization we need to connect
the two boundaries ∂∆ and ∂∆′ by non-intersecting intervals. To do this we need a
rule how to choose which pairs of points s ∈ ∂∆ and s′ ∈ ∂∆′ are to be connected
and an interval connecting them. After that we must make sure that these intervals
do provide a trivialization of ∆0. We will denote by Θ′ ⊂ ∂∆′ and τ ′ ∈ ∂T ′ the
mini-copies of Θ and τ correspondingly.
Let s′ be an interior point of an l-dimensional face Θ′ ⊂ ∂∆′. We choose τ -
associated coordinates {y1, ..., yN} for some τ , such that Θτ is the minimal face con-
taining τ . Then {|y1|, ..., |yN |} will provide coordinates in the open subset of ∆
corresponding to τ (see the previous section) by means of the weighted moment map.
Let mi = |yi|(m) be the coordinates of a point m ∈ ∆. Define the curved normal cone
to Θ′ at the point s′ ∈ Θ′ by
n(s′) = {m ∈ ∆ : mi = s
′
i, i = 1, ..., l, and mi ≤ s
′
i, i = l + 1, ..., N}.
Note that the definition does not depend on the choice of τ -coordinates. Combined
all together the curved normal cones form a fat curved normal fan to the polyhedron
∆′. Namely, to every k-dimensional face Θ′ ⊂ ∂∆′ we can associate an (N − l) × l-
dimensional fat curved normal cone N(Θ′) ≃ n(Θ′) × Θ′, where n(Θ′) is the curved
normal cone to Θ′ at any point s′ ∈ Θ′. This fat fan provides a fat cone decomposition
of ∆ with ∆′ deleted.
Fig.6 The fat cone decomposition and Is-fibration of ∆0 for X∆ = CP
1 × CP1.
The trivialization of ∆0 ≃ ∂∆ × I is achieved by connecting any point s′ ∈ ∂∆′
with all the points s ∈ ∂∆ lying in the curved normal cone n(s′). The connecting
intervals are given by the unique line (given by affine linear equations in the remaining
(N− l) coordinates) in n(s′) passing through both points s and s′ (see fig.6). Because
every point s ∈ ∂∆ belongs to a unique interval, we will denote this interval by Is.
Notice that the interval Is does not depend on the choice of τ -coordinates, for a
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change of coordinates does not affect the affineness of the defining equations in the
last N − l coordinates. But Is does depend on the value of t through the dependence
of the weighted moment map on t and this t-dependence will be crucial in the next
proposition.
For any k-dimensional simplex τ ∈ ∂T we will refer to s ∈ ∂∆ as a τ -point if in
any τ -associated coordinate system the first k coordinates {|y1|, ..., |yk |} are constant
along the interval Is. In other words, Is lies in a fat cone N(Θ
′) for some Θ′ ⊃ Θ′τ .
Note again that this does not depend on the choice of the τ -associated coordinates.
We will say that a collection {Is}s∈∂∆ is W -supported if for any τ ∈ ∂T all the points
in the cell Wτ are τ -points.
Proposition 3.1. Given a cell decomposition {Wτ} there exists a positive real num-
ber R, such that for |t| ≥ R the collection {Is}s∈∂∆ providing a trivialization of
∆0 ≃ SN−1 × I is W -supported.
Proof. We claim that in the limit t → ∞ the intervals Is will provide a bijective
correspondence between points in τ and points in τ ′ for all τ ∈ ∂T . In particular, this
means that all interior points in any simplex τ eventually become τ -points. Assuming
this claim the proposition follows immediately from the following observation. Wτ is
compact and is contained in the interior of the union of the facets of the polytope ∆
containing the face Θτ , and every point in this interior becomes a τ -point for large
|t|.
To show the claim we consider the extended polytope P . Keeping the first k
τ -associated coordinates fixed is equivalent to fixing (k + 1) projective coordinates
{|tλ(ω)xω|}ω∈τ . The restriction of these equations to p
−1(Cτ ) ⊂ ∂+P , where p :
∂+P → ∆ is the vertical projection, defines a ray Rs from the origin ({0}, λ(0)) to
a point in p−1(τ). Thus we see that every point in the interior of p−1(τ ′) connects
to a unique point in the interior of p−1(τ). But because the function Ψt0 : ∆ → R
converges uniformly to the characteristic function ψλ as |t| → ∞, Is would be given
in the limit by the projection of the ray Rs to ∆.
Remark. If one wants a fibration of X0∆ over a smooth sphere as opposed to just
topological, then some care should be taken to smooth out Is near the boundaries of
the fat cone decomposition of ∆0. From now on we will assume that ∂∆ ≃ SN−1 is
endowed with a smooth structure compatible with the fibration.
For any subset S ⊂ ∂∆ we will denote by IS ≃ S × I the union of Is for s ∈ S,
and let S˜ := µ−1t (IS) ⊂ X
0
∆. In particular, we will be using U˜τ and W˜τ .
Next we choose a partition of unity {ρ0τ} subordinate to the cover Vτ , and define
the cut-off functions ρω : ∂∆ → [0, 1] for ω ∈ ∂T , a vertex of the triangulation, by
ρω :=
∑
τ∋ω ρ
0
τ . In particular, it is clear that
ρω(s) =
{
0, unless s ∈ Vτ for some τ containing ω,
1, if s ∈ Vτ only for those τ which contain ω.
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To uniformize the notation let ρ{0} ≡ 1 and ρω ≡ 0 for those ω ∈ A which are not
vertices in the triangulation. Extend ρ’s to the entire ∆0 by setting ρω(Is) := ρω(s)
for the entire interval Is. We will denote by ρω also the pull back of the cut-off
functions to X0∆ := µ
−1
t (∆
0) via the moment map.
Now we are in position to define the auxiliary object Ht, a real (non-analytic)
codimension 2 submanifold in X∆, which we will still call a hypersurface. It is defined
by the following equation:
tλ(0)x{0} −
∑
ω∈A∩∂∆
ρωt
λ(ω)xω = 0.
The restriction of Ht to U˜τ defines an open set (in complex topology) of an
algebraic subvariety in X∆ given by the equation
tλ(0)x{0} −
∑
ω∈τ
tλ(ω)xω = 0.
And the cut-off functions ρ are designed to connect these pieces together.
We showed that µt(Ft) misses a ball around {0} ∈ ∆. A similar argument applies
to show that µt(Ht) also lies in ∆
0. Namely, every point of Ht can be thought as a
point in an algebraic hypersurface in X∆ defined by the same equation as Ht but with
constant ρ’s. Every such algebraic hypersurface clearly misses a ball around {0} ∈ ∆.
Using the compactness of Ht we get the claim.
The structure of the rest of this section is the following. The fibration X0∆ → ∂∆,
when restricted to the auxiliary hypersurface, induces a torus fibration ht : Ht → ∂∆.
Then we will show that the auxiliary hypersurface is, in fact, diffeomorphic to the
original one. Moreover this diffeomorphism extends to a diffeomorphism between
the entire families {Ft} and {Ht}. This will provide a torus fibration of the original
Calabi-Yau hypersurface.
The first step is to show that the collection {Is}s∈∂∆ defines a torus fibration
ht : Ht → ∂∆. Of course, some of the fibers are degenerate and we will try to
describe them as explicitly as possible. Let τ be a k-dimensional simplex in ∂T , and
Θτ ⊂ ∆ the minimal face containing τ , let l := dimΘτ . Let {y1, ..., yl} be the first l
of τ -associated coordinates. A τ -point s defines an l-dimensional torus T l ⊂ (C∗)l by
setting |yi| = si. Let P (y1, ..., yk) = 0 be the equation∑
ω∈τ
ρωt
λ(ω)xω = 0,
written in the local coordinates. Denote by Dτ,s ⊂ T
l the zero locus of the polynomial
P (y1, ..., yk). To get some idea what Dτ,s looks like we consider a k-dimensional torus
T k ⊂ (C∗)k = Spec[z±11 , ..., z
±1
k ], defined by fixing |z|. Denote byD
0
τ,|z| the intersection
of T k with a plane ρ0 +
∑k
i=1 ρizi = 0. For generic |z| and ρ, D
0
τ,|z| will be either
empty or a (k − 1)-torus. In exceptional cases D0
τ,|z| can be a single (real) point.
The relation between Dτ,s and D
0
τ,|z| can be described as follows. The substitution
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zi = t
λ(ωi)−λ(Ω)xωi−Ω, where {Ω, ω1, ..., ωk} are the vertices of the simplex τ , defines
a covering map πτ : T
k → T k. The degree of πτ is equal to the index of the sublattice
Λτ inside the lattice τZ, which is given by k! · vol(τ). Then Dτ,s ⊂ T
l is a pull back
of D0
τ,|z| ⊂ T
k under the composition of maps
T l
pr
−→ T k
πτ−→ T k,
where pr : {y1, ..., yl} → {y1, ..., yk} is a projection onto the first k coordinates.
Proposition 3.2. Let s ∈Wτ as above be a point in the interior of an L-dimensional
face of ∆, L ≥ l. Then the fiber Ts := µ
−1
t (Is) itself has a structure of a fibration
ps : Ts → T
l with a generic fiber TN−1−l and fibers TL−l over the discriminant locus
Dτ,s. Thus, Ts is homeomorphic to
TL−l ×
(
(T l × TN−1−L)/ ∼
)
, where (d, t1) ∼ (d, t2), if d ∈ Dτ,s.
In particular, if the point s is in the interior of an (N − 1) dimensional face, then Ts
is a smooth (N − 1)-torus.
Proof. We choose τ -associated coordinates {y1, ..., yN}. In particular, they provide
coordinates in W˜τ . The equation of the auxiliary hypersurface restricted to Ts be-
comes:
yl+1yl+2...yN = Pt(y1, ..., yk),
where Pt is a polynomial (all ρ are constants on Ts). Because s is a τ -point, |yi| are
fixed and non zero for i = 1, ..., l. This gives a projection ps : Ts → T
l. A fiber of
this projection is determined by fixing a point Y := {yi}, i = 1, ..., l, on the base.
After that we are left with the equation yl+1...yN = Pt(Y ) = const. At this point we
must remember that Is is given by a line in chosen coordinates, hence it intersects
the hyperbola |yl+1|...|yN | = |Pt(Y )| in exactly one point in ∆. Thus it determines
the remaining |yi| uniquely.
We see that a generic fiber of the projection ps : Ts → T
l is an (N − l− 1)-torus.
The dimension drops to (L − l), if Pt(Y ) = 0, i.e. exactly if the point Y is in the
discriminant locus Dτ,s.
We want to say some words about the discriminant locus D(Ht) of the fibration
ht : Ht → ∂∆. The above proposition says that D(Ht) consists of all points in ∂∂∆,
the (N − 2)-dimensional skeleton of ∂∆, which are in the image of the moment map
µt. Thus D(Ht) is homeomorphic to ∂∂∆ with some neighborhoods of its vertices
removed, which has a homotopy type of Sk
(N−3)
T , the (N − 3)-skeleton of the subdi-
vision dual to the triangulation of ∂∂∆ ⊂ ∂∆. Moreover, with an appropriate choice
of the V -subdivision (Wτ should have small volume for all τ with 1 ≤ dim τ ≤ N −2)
the discriminant locus D(Ht) will lie in an arbitrarily small neighborhood of Sk
(N−3)
T .
We will refer to this limit as the right W -decomposition limit.
To deform the auxiliary hypersurface Ht and to use transversality theory we must
make sure that it is smooth.
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Lemma 3.3. For a generic choice of {ρ} the hypersurface Ht is smooth.
Proof. It is enough to show that Ht is smooth in W˜τ := µ
−1
t (IWτ ) for every τ ⊂
∂T . We will use τ -associated coordinates {y1, ..., yN} in W˜τ . Let Gt be the defining
equation of the auxiliary hypersurface in W˜τ (see the previous proposition)
Gt := yl+1yl+2...yN − bΩρΩ(|y|)−
k∑
i=1
biρi(|y|)y
αi = 0,
where t-dependence is encoded into bi’s.
Denote by R the family of {ρω} constructed from the family of partitions of unity
subordinate to {Vτ}. Consider the map G
ρ
t : W˜τ → C. The statement that G
ρ
t = 0 is
smooth in this language translates as Gρt is transversally regular to 0 ∈ C. We want
to show that there are enough functions in R, so that a generic Gρt is transversally
regular to 0 ∈ C. According to the restricted transversality theory, it is enough to
show that the map of the entire family G˜t : W˜τ ×R → C is transversally regular to
0 ∈ C (cf, e.g. [DNF]). For any point x˜ = (x, ρ) ∈ G˜t
−1
(0) we need to show that the
tangent space at x˜ maps onto C. Consider the restriction of G˜t to the slice in a small
neighborhood of x˜, given by ρ = const. The function G˜t|ρ=const becomes algebraic
and it is a straightforward calculation to show that the tangent space to that slice is
transversal to 0 ∈ C. Just notice that all yi, i = 1, ..., k are non zero and at least one
of the ρi is non zero too. Hence a generic choice of ρ will provide a smooth preimage
of 0 ∈ C. This completes the proof.
The next step is to find a small deformation of Ht and a diffeomorphism of X
0
∆ :=
µ−1t (∆
0) inside X∆, which transforms the deformed equation for Ht into the equation
of a genuine hypersurface F(Γ·t) for some real number Γ. For this we need a technical
lemma.
Lemma 3.4. There exists a function χ(s, γ, ω) : ∂∆ × R≥0 × A → R, smooth with
respect to (s, γ) and affine linear with respect to ω, and satisfying:
• χ(s, 0, ω) ≡ 0 and χ(s, γ, {0}) ≡ γ · λ(0).
• As γ →∞ the function eγλ(ω)−χ(s,γ,ω) converges (uniformly) to ρω(s) for every
ω ∈ A.
Proof. First, for every τ ⊂ ∂T in the triangulation we choose an affine linear function
χτ : A→ R with the following property: χτ (ω) ≥ λ(ω) with equality holding exactly
for ω ∈ τ ∪ {0}. Note that for σ, an (N − 1)-dimensional simplex, χσ is uniquely
determined by ψλ|Cσ and the inequality condition is satisfied because ψλ is a strictly
convex function. By the same reason we can satisfy the inequality for the simplices of
smaller dimension. For every (N − 1)-dimensional simplex σ we define the function
χσ(s, γ, ω) := − log(
∑
τ∈∂T
ρ0τe
−γ·χτ ),
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first for ω ∈ σ ∪ {0} and then extend by linearity to all ω ∈ A.
The function χ(s, γ, ω) is constructed by gluing the functions χσ(s, γ, ω) together
in the following way. The collection of maximal dimensional simplices σ ∈ ∂T provides
a triangulation of ∂∆. We take small open neighborhoods of each σ to get an open
cover {σ˜} of ∂∆ and choose a partition of unity {ασ} subordinate to it. We require
the open enlargements of σ’s to be small enough, so that σ˜ ⊂
⋃
τ⊂σWτ . In particular,
ρ0τ |σ˜ ≡ 0 unless τ ⊂ σ. Now we can define the desired function
χ(s, γ, ω) :=
∑
σ∈∂T
ασ(s)χσ(s, γ, ω),
which is smooth with respect to (s, γ) and affine linear with respect to ω by construc-
tion. It is also clear that
χσ(s, 0, ω) = − log(
∑
τ∈∂T
ρ0τ ) = 0
and
χσ(s, γ, {0}) = − log(
∑
τ∈∂T
ρ0τe
−γ·λ(0)) = γ · λ(0)
for all σ. Hence χ(s, 0, ω) ≡ 0, and χ(s, γ, {0}) ≡ γ · λ(0).
The last thing to check is the behavior of χ(s, γ, ω) as γ → ∞. Fix a point
s ∈ Wτ0 , and first consider vertices ω ∈ τ0. The partition functions ασ(s) = 0 unless
τ0 ⊂ σ, hence ω ∈ σ and χ(s, γ, ω) = − log(
∑
τ∈∂T ρ
0
τe
−γ·χτ (ω)).
lim
γ→∞
e−χ(s,γ,ω)eγ·λ(ω) = lim
γ→∞
∑
τ∈∂T
ρ0τe
γ·(λ(ω)−χτ (ω)) =
∑
τ∋ω
ρ0τ = ρω,
because λ(ω)− χτ (ω) ≤ 0 with equality holding exactly for ω ∈ τ ∪ {0}.
If ω /∈ τ0, then to show that limγ→∞ e
−χ(s,γ,ω)eγ·λ(ω) = ρω(s) = 0 we look at the
asymptotics of the affine functions χσ(s, γ, ω) as γ → ∞. Let Q be the collection of
simplices τ with the minimal value of χτ (ω) among those with nonzero ρ
0
τ (s). Note
that if ρ0τ (s) 6= 0, then τ ⊆ τ0, and hence χτ (ω) > λ(ω) as ω /∈ τ . So we see that
χσ(s, γ, ω) ∼ − log(
∑
τ∈Q
ρ0τ ) + γ · χτ (ω).
Combining these together for all σ’s we get
χ(s, γ, ω) ∼ − log(
∑
τ∈Q
ρ0τ ) + γ · χτ (ω),
and hence
e−χ(s,γ,ω)eγ·λ(ω) ∼
∑
τ∈Q
ρ0τe
γ·(λ(ω)−χτ (ω)) → 0
as γ →∞. This completes the proof.
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Remark. In the proof of the above lemma the crucial fact we used was that the
characteristic function ψλ is strictly convex.
Just as we did for ρω, we will use the same notation for both χ(γ, ω) and its
pull back to X0∆ via the moment map. Now we have all the tools to prove the
main theorem. Let R be the positive real number as in proposition 3.1. Denote by
HR the one-(real) parameter family of the auxiliary hypersurfaces {Ht, |t| = R}. Let
FΓ0R be the one-(complex) parameter family of the original Calabi-Yau hypersurfaces
{Ft, |t| ≥ Γ0R}.
Theorem 3.5. There is a positive real number Γ0, such that there exists a diffeo-
morphism between the families {HR} × (Γ0,+∞) and FΓ0R, which specializes to a
diffeomorphism between the hypersurfaces (Ht,Γ) and FΓt.
Proof. First we define a hypersurface Hεt ⊂ X
0
∆ by the equation
tλ(0)x{0} −
∑
ω∈A∩∂∆
(ρω + εω)t
λ(ω)xω = 0, where εω := e
γλ(ω)−χ(γ,ω) − ρω.
According to lemma 3.4, all εω uniformly vanish as γ →∞, that is for γ ≥ γ0 H
ε
t is
indeed a small deformation ofHt and hence diffeomorphic to it. Using the substitution
x′ω := xωe−χ(γ,ω) we get
eγλ(0)tλ(0)x′
{0}
−
∑
ω∈A∩∂∆
eγλ(ω)tλ(ω)x′
ω
= 0,
which is exactly the equation of the hypersurface F(Γ·t) for Γ = e
γ . A priori this
substitution defines a map X0∆ → P
|∆(Z)|−1. But because χ(ω) is an affine function,
the image of this map, in fact, lies in X∆. Hence the above equation indeed defines
a hypersurface in X∆.
Notice that this construction works for the entire families, because the deformation
diffeomorphisms clearly form a trivial system, and the substitutions depend only on
the absolute values of the parameters of the families.
According to [GKZ], Ch. 10, all hypersurfaces which lie inside a translated cone
C(T ) + b, where b is some vector in the interior of C(T ), are smooth and hence
diffeomorphic to each other. Combining the above theorem with proposition 3.2, we
get the main result of the paper.
Corollary 3.6. A Calabi-Yau hypersurface in X∆, which is sufficiently far away from
the walls of the secondary fan to ∆ and sufficiently close to the large complex structure,
admits a fibration over a sphere SN−1 with generic fibers (N − 1)-dimensional tori.
Remark. It should be possible to remove the smoothness requirement. In this case
one has to be more careful with deforming the equation of a non smooth hypersurface.
For a ∆-regular hypersurface in the translated cone C(T ) + b all singularities come
from the singularities of X∆. There is a natural stratification of X∆ by µ
−1(Θ), as
Θ runs over open parts of the faces of ∆, which induces a stratification of Ft. All
diffeomorphisms should then be understood in this stratified sense (see, e.g. [GM].)
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The ultimate goal would be, of course, to construct a special Lagrangian fibra-
tion. Our construction, unfortunately, leaves this problem open. But there are some
features which may be worth mentioning. For instance, our fibration is quite special
in the following sense. It tends to concentrate the singularities of the fibers into a
smaller number of fibers with worse degenerations. As an example let us consider the
family of quartic K3 surfaces in CP3 given by the equations
t · x{0} +
∑
Ω vertex of ∆
xΩ +O(t−1) = 0.
A generic fibration is expected to have 24 degenerate fibers, and each one of them
is homeomorphic to the standard I1 degenerate elliptic curve. In our fibration the
terms O(t−1) don’t matter and we get just 6 singular fibers of type I4.
There is a local special Lagrangian structure on the algebraic pieces of the aux-
iliary hypersurface. However for this we should have defined the cutoff functions ρω
slightly differently (we didn’t do so in the first place because it would have spoiled
the uniformness of the definition). Namely, let ρω :=
∑
τ ρ
0
τ , where τ runs over the
simplices in ∂T containing ω, but of dimension at most (N − 2). This reduces the
support of ρω to a neighborhood of the (N − 2)-skeleton of ∂∆. Then for a maximal
dimensional simplex σ ⊂ ∂T the equation of Ht in U˜τ would be just x
{0} = 0, which
defines some open subset of the corresponding to σ toric divisor. Notice that µt(Ts)
is just one point in ∆ (which in this case lies on the boundary ∂∆), so with respect
to the standard symplectic form on the toric variety X∆, Ts is clearly Lagrangian.
Moreover, if we define the top holomorphic form in U˜σ according to the equation
(every hypersurface is locally Calabi-Yau), then it restricts to a volume form on each
fiber. It is easy to check that the same is true in U˜ω for any vertex in the triangu-
lation, where the local equation is y1...yN = const. The fibration is given by fixing
|yi|, 1 ≤ i ≤ N , which is clearly Lagrangian. A top holomorphic form can be written
as dy1
y1
∧ ... ∧
dyN−1
yN−1
, which restricts to a volume form on Ts.
So that in the right W -decomposition limit every Ts becomes Lagrangian with
respect to the deformed symplectic structure except for s in the singular locus. Unfor-
tunately we cannot say the same thing about special Lagrangian property. Although
the local holomorphic forms on the auxiliary hypersurface do give the volume forms
when restricted to the fibers, it is not at all clear what are their pull-backs to the
original hypersurface and how to patch them together in the transition regions.
4 Monodromy
In this section we want to show an application of the constructed fibration to the
monodromy calculations. Gross has made a conjecture [G] about the monodromy
transformation in a family of Calabi-Yau manifolds X → S. Let X = Xt
f
→ B,
t ∈ S be a torus fibration with a section δ0. Then X
♯, the complement of the critical
locus of f , has a structure of a fiber space of abelian groups with the zero section δ0.
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Given another section δ one obtains a diffeomorphism Tδ : X
♯ → X♯ given by x 7→
x+δ(f(x)), which extends to a diffeomorphism of the entire X. Given a degeneration
divisor in S passing through the large complex structure point, and a loop around
this divisor we can consider the monodromy transformation on cohomology. The
conjecture says that this monodromy is induced by Tδ for some section δ.
We are going to construct such a section for our family of hypersurfaces Ft. Be-
cause theorem 3.5 establishes the diffeomorphism between the entire families, the
monodromy question is identical for the auxiliary family HR. Without loss of gen-
erality we may assume that the base point in the family is given by a hypersurface
Ht0 with t0 = R, a real positive number. The monodromy loop is parameterized by
t = t0e
2πiγ , 0 ≤ γ ≤ 1. But first of all we need a zero section.
Lemma 4.1. The fibration ht0 : Ht0 → ∂∆ has a section δ0, which misses all singular
points of the fibers.
Proof. The section is given by the set of all real positive points of Ht0 . Let s ∈ Wτ
be a τ -point. We just have to show that the interval Is of positive real points in X
0
∆
has a unique solution to the equation
tλ(0)x{0} =
∑
ω∈τ
ρωt
λ(ω)xω.
But with the identification of the real positive points of X0∆ with ∆
0, the real positive
points satisfying this equation form a hypersurface separating {0} from those ω for
which ρω 6= 0 (cf. [GKZ], Ch.11). In particular, it has a unique point of intersection
with the line Is, which, moreover, lies in the interior of ∆
0. But all the singular points
of the fiber Ts are mapped to the boundary of ∆. Thus we get the desired section
δ0 : ∂∆→ Ht0 .
To construct the other section δ we consider a Delzant type polytope ∆∨γ ∈ M
∗
defined by the inequalities:
〈m,ω − {0}〉 ≥ γ · (λ(ω)− λ(0)),
where ω runs over the vertices in the triangulation T . This is a convex polytope
with non empty interior for γ > 0, because of strict convexity of the characteristic
function ψλ. By the same reason it is combinatorially dual to (∆, T ), namely to each
k-dimensional simplex τ in ∂∆, there corresponds an (N − 1 − k)-dimensional face
τ∨ in ∂∆∨λ with the reverse incidence relation.
The bijective correspondence between the centers of the dual pairs, τ and τ∨,
gives rise to a simplicial map νγ : Bar(∂T )→ Bar(∂∆
∨
γ ) between the first barycentric
subdivisions. Considering the W -decompositions, which are dual to the barycentric
ones, we get a homeomorphism νγ : ∂∆ → ∂∆
∨
γ satisfying νγ(Wτ ) = Wτ∨ , where
{Wτ∨} provide a CW-decomposition of ∂∆
∨
γ . Because each Wτ∨ contains the center
of the simplex τ∨, there is a map ν ′γ : ∂∆→ ∂∆
∨
γ , homotopic to νγ , with the property
that ν ′γ(Wτ ) ⊂ τ
∨.
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We will use the same notation for both ν ′γ and its pull back to X
0
∆. Let us define
a diffeomorphism Dγ : X
0
∆ → X
0
∆ by
xω 7→ xωe2πi〈ν
′
γ(x),ω−{0}〉.
This is well defined as ν ′γ(x) is a linear functional with respect to ω. In fact, this
diffeomorphism is equivariant with respect to the toric action, i.e. µt ◦Dγ = µt. For
convenience we will drop the index γ in all notations whenever γ = 1. The desired
section δ : ∂∆→ Ht0 is given by applying the diffeomorphism D to the zero section.
Thus we define δ := D ◦ δ0.
Theorem 4.2. The section δ : ∂∆→ Ht0 is well defined and induces the monodromy
transformation on Ht0 .
Proof. The correctness of the definition follows easily from the following observation.
For s ∈ Wτ notice that 〈ν
′
γ(s), ω − {0}〉 = γ(λ(ω) − λ(0)) for all ω ∈ τ . This means
that for γ = 1 the diffeomorphism D has no effect on any monomial xω for ω ∈ τ , as
it gets multiplied by the factor of e2πi(λ(ω)−λ(0)) . So that the equation of Ht0 in W˜τ
t
λ(0)
0 x
{0} −
∑
ω∈τ
ρωt
λ(ω)
0 x
ω = 0
is still satisfied for δ = D(δ0). Notice that the diffeomorphismD respects the fibration
ht0 : Ht0 → ∂∆, hence the action in a fiber Ts is just the translation by δ(s)− δ0(s).
This action is also well defined on singular fibers. Indeed, a singular fiber is itself
a fibration ps : Ts → T
dim τ , according to the proposition 3.2. And the action on
Ts translates points along the fibers of ps, which generically are (N − 1 − dim τ)-
dimensional tori.
To see that the diffeomorphism D induces the monodromy transformation we
notice that Dγ provides a diffeomorphism of Ht0 with Ht0e2piiγ . Indeed, in W˜τ the
defining equation of Ht0 translates into
t
λ(0)
0 x
{0} −
∑
ω∈τ
ρωt
λ(ω)
0 x
ωe2πiγ(λ(ω)−λ(0)) = 0,
which is exactly the defining equation for Ht0e2piiγ . As γ runs from 0 to 1 the family
of the diffeomorphisms Dγ provides the monodromy along the loop t0e
2πiγ . This
completes the proof.
5 Dual fibrations and mirror symmetry
This section is rather speculative in character but it is impossible to overlook a con-
nection of our construction with the mirror symmetry. A triple (∆, T, λ) defines a
family of complex structures on a Calabi-Yau hypersurface. For simplicity we assume
that the subset A ⊂ ZN coincides with the set of vertices of the triangulation T . On
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the mirror side we want to get a family of Ka¨hler structures on some other Calabi-
Yau. This family is provided by the monomial-divisor map [AGM]. To construct it
we consider the polytopes ∆∨γ defined in the previous section.
Let N(∆∨γ ) be the normal fan to ∆
∨
γ . N(∆
∨
γ ) is a rational convex polyhedral fan
and the corresponding toric variety X∆∨γ is a blow-up of the variety X∆D for the polar
polytope ∆D. The one-dimensional cones in N(∆∨γ ) are in one-to-one correspondence
with the vertices of the triangulation ∂T . The exceptional divisors are labeled by those
of them which are not the vertices of ∆ and N(∆∨γ ) is a simplicial cone subdivision
of N(∆D) by means of the triangulation T . The vector λ lies in the interior of the
Ka¨hler cone of X∆∨γ and defines the Ka¨hler class (in the orbifold sense) by the linear
combination of the toric divisors [ω∨] corresponding to the facets ω∨ in X∆∨γ :
[κγ ] := −
∑
ω∈∂T
γ(λ(ω) − λ(0))[ω∨].
We will consider the family {X∆∨γ }, where γ runs over positive real numbers. The
symplectic form κγ defines the moment map µ
∨
γ : X∆∨γ → ∆
∨
γ (cf. [Gu]). Now we
choose a regular anti-canonical hypersurface ZD in X∆D with large complex structure
(e.g., with large central coefficient). Denote by Z ⊂ X∆∨γ its proper transform induced
by the blow-up X∆∨γ → X∆D . Z is a Calabi-Yau hypersurface (cf. [B]) endowed with
a Ka¨hler structure by restriction from X∆∨γ in the orbifold sense. This is the mirror
family. We will let γ = 1 for the future consideration as the behaviour of the family
changes by a simple rescaling for other γ.
To study the geometry of Z we will again use the moment map µ∨ : X∆∨ →
∆∨. At this point we will make an assumption that Z possesses a torus fibration
analogous to that of a smooth hypersurface. All singularities of Z are mapped by µ∨
to the (N − 2)-skeleton of ∆∨. So that a generic fiber is still a smooth TN−1. But
degenerations in singular tori may give rise to the singularities in the total space.
First, let us introduce some notations. We will use τZ also to denote the subgroup
of ZN modeled on the affine sublattice τZ. In other words, τR := τZ ⊗ R is the k-
dimensional vector subspace parallel to τ and passing through {0}. Denote by τ∗
Z
the quotient of (ZN )∗ dual to τZ ⊂ Z
N , and let τ∗
R
:= τ∗
Z
⊗ R be the corresponding
quotient of M∗. Now we consider an explicit parameterization of nonsingular fibers
in the original family. Let s ∈ Wτ , for τ ⊂ ∂T , be a point in ∂∆. According to
proposition 3.2, a fiber Ts is a fibration itself ps : Ts → T
k, and T k is naturally
isomorphic to the torus τ∗
R
/τ∗
Z
. Choosing a point in T k determines the phases not
only of xω, ω ∈ τ , but also of x{0}. Considering the fact that τ∨
R
is defined by the
equations 〈u, ω − {0}〉 = 0, ω ∈ τ , we conclude that an (N − k − 1)-dimensional
fiber TN−k−1 can be identified with τ∨
R
/τ∨
Z
. Hence the fiber Ts is isomorphic to the
torus τ∗
R
/τ∗
Z
⊕ τ∨
R
/τ∨
Z
, though the splitting into the direct sum is not natural. The
dual fiber Ts∨ , where s
∨ = ν(s) is a point in Wτ∨ ⊂ ∂∆
∨, will be isomorphic to
τR/τZ ⊕ (τ
∨
R
)∗/(τ∨
Z
)∗.
To conclude the picture we need to take into consideration the singular tori.
Remember that the discriminant locus D(Ht) is homotopy equivalent (and, in fact,
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can be made arbitrarily close in the appropriate W -decomposition limit) to Sk
(N−3)
T ,
the (N−3)-skeleton of the subdivision dual to the triangulation of ∂∂∆. Sk
(N−3)
T is a
simplicial complex consisting of the simplices (O(τi1), ..., O(τik )), with vertices O(τij),
the centers of τij , and τi1 ⊂ ... ⊂ τik running over all nested chains of simplices in
∂∂∆ of positive dimension.
On the mirror side the discriminant locus is again homotopy equivalent to a
simplicial complex (Sk
(N−3)
T )
∨ with the vertices O(τ∨) and the simplices labeled by
the nested chains of τ∨’s. However the simplices τ∨ ⊂ ∂∂∆∨ which have appeared as
a result of the blow up X∆∨ → X∆D do not contain any points in the image of the
moment map µ∨(Z), hence should be excluded from the discriminant locus. They
correspond exactly to those simplices τ ∈ ∂T , for which the minimal face Θτ is a
facet of ∆, i.e. to those which are not in ∂∂∆.
The simplicial map ν : ∂∆→ ∂∆∨ provides a one-to-one correspondence between
the points O(τ) and O(τ∨), and thus establishes the simplicial isomorphism between
Sk
(N−3)
T and (Sk
(N−3)
T )
∨. So that in the right limit we get the identification between
the two discriminant loci. This suggests to consider the corresponding singular fibers
Ts and Tν(s) to be dual to each other.
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